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The 4ΛΛH bound state and the S-wave hypertriton(
3
ΛH)-Λ scattering in spin singlet and triplet
channels below the hypertriton breakup momentum scale are studied in halo/cluster effective field
theory at leading order by treating the 4ΛΛH system as a three-cluster (Λ-Λ-deuteron) system. In
the spin singlet channel, the amplitude is insensitive to the cutoff parameter Λc introduced in the
integral equation, and we find that there is no bound state. In this case, the scattering length of
the hypertriton-Λ scattering is found to be a0 = 16.0± 3.0 fm. In the spin triplet channel, however,
the amplitude obtained by the coupled integral equations is sensitive to Λc, and we introduce the
three-body contact interaction g1(Λc). After phenomenologically fixing g1(Λc), we find that the
correlation between the two-Λ separation energy BΛΛ from the
4
ΛΛH bound state and the scattering
length aΛΛ of the S-wave Λ-Λ scattering is significantly sensitive to the value of Λc.
PACS numbers: 21.80.+a, 21.45.-v, 25.10.+s, 25.80.Pw
I. INTRODUCTION
Light double-Λ hypernuclei are exotic few-body sys-
tems that provide opportunities to investigate the fla-
vor SU(3) structure of baryon-baryon interactions in the
strangeness S = −2 channel [1–3]. They are also ex-
pected to have a key role to resolve the long-standing
puzzle on the existence of the H-dibaryon [4], which at-
tracts recent interests triggered by lattice QCD simula-
tions [5, 6]. Since the seminal experiments on double-
Λ hypernuclei of Refs. [7, 8], however, there are only
a few reports on the observation of double-Λ hypernu-
clei and, as a result, our understanding on these sys-
tems is still very poor. In the KEK-E373 experiment
the ΛΛ interaction energy1 inside 6ΛΛHe is measured as
∆BΛΛ ≃ 1.0 MeV, which suggests a weakly attractive
ΛΛ interaction [9]. In addition, the formation of another
double-Λ hypernucleus, 4ΛΛH, is conjectured in the BNL-
AGS E906 experiment [10]. Theoretically, although the
first Faddeev-Yakubovsky calculation showed a negative
result [11], subsequent theoretical studies [12–15] pre-
dicted the possibility of the 4ΛΛH bound state based on
the phenomenological ΛΛ potentials which can describe
the bound state of 6ΛΛHe.
Since the stability of double-Λ hypernuclei depends
on the ΛΛ interaction, more accurate information on
this interaction is strongly required. Recently, the scat-
tering length aΛΛ of S-wave ΛΛ scattering is deduced
from the 12C(K−,K+ΛΛX) reaction [16], which leads to
aΛΛ = −1.2 ± 0.6 fm [17], and the data for the Au+Au
collisions at the Relativistic Heavy Ion Collider [18] are
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1 The ΛΛ interaction energy ∆BΛΛ is defined as ∆BΛΛ(
A
ΛΛ
Z) =
BΛΛ(
A
ΛΛ
Z)− 2BΛ(
A−1
Λ
Z), where BΛΛ and BΛ are binding ener-
gies of the corresponding nuclei.
analyzed to obtain aΛΛ ≥ −1.25 fm in Ref. [19]. These
values are consistent with those extracted from the lead-
ing order calculations for the S = −2 baryon-baryon in-
teractions in chiral effective theory [2] and in the Nij-
mengen ESC04d phenomenological potential model [20].
On the other hand, other phenomenological potential
model predictions are scattered in values from −0.27 fm
to −3.804 fm even though such models could explain the
existence of the 6ΛΛHe bound state. The present situation
is summarized, for example, in Table I of Ref. [17]. This
may imply that the parameter space of potential models
would be too large to determine unambiguously the pa-
rameter values from the currently available experimental
data. In such a situation, it would be worth studying the
structure of hypernuclei by employing a very low energy
effective field theory (EFT) which has a low separation
scale, a well-defined expansion scheme, and a few param-
eters to determine.
The methods of EFT nowadays become popular in
many fields. (For a review, see, e.g., Refs. [21, 22].) In
this scheme, a theory is constructed based on a scale
which separates low energy and high energy degrees of
freedom, and the theory constructed in such a way pro-
vides a systematic perturbative expansion in powers of
Q/ΛH , where Q is the typical scale of the reaction in
question and ΛH is the large (or high energy) scale. High
energy degrees of freedom above ΛH are integrated out
and their effects are accounted for through the coeffi-
cients of contact interactions, so-called low energy con-
stants, in higher order.
In this work, we investigate the relation between the
4
ΛΛH bound state and the S-wave hypertriton-Λ scatter-
ing below the hypertriton breakup momentum for spin
singlet and triplet channels by employing Halo/Cluster
EFT at leading order (LO). In particular, we treat the
4
ΛΛH hypernucleus as a three-body ΛΛd system, where d
stands for a deuteron. Although the scattering experi-
ment with double-Λ systems is not feasible in near fu-
2ture, a qualitative/theoretical information from the scat-
tering results can be possibly connected to the bound
state problem, which makes the main motivation of the
present work.
Below the hypertriton breakup momentum, we can
choose the typical momentum (Q) of the reaction as the
Λ particle separation momentum from the hypertriton,
which is defined by γΛd =
√
2µΛdBΛ ≃ 13.5± 2.6 MeV,
where µΛd is the reduced mass of the Λd system and
BΛ is the Λ particle separation energy from the hypertri-
ton, Bexpt.Λ ≃ 0.13± 0.05 MeV [23]. On the other hand,
the large (high momentum) scale ΛH is chosen to be the
deuteron binding momentum, γ =
√
mNB2 ≃ 45.7 MeV,
where mN is the nucleon mass and B2 is the deuteron
binding energy, B2 ≃ 2.22 MeV. Then our expansion pa-
rameter is Q/ΛH ∼ γΛd/γ ≃ 1/3, which supports our ex-
pansion scheme. Because the deuteron is not broken up
into two nucleons at low momentum below the deuteron
binding momentum, we may treat the deuteron field as
a cluster field, i.e., like an elementary field.
The ΛΛd system can form spin singlet and spin triplet
states for the 4ΛΛH channel and we consider only the S-
wave case for the relative orbital angular momentum.
For the spin singlet channel of the S-wave hypertriton-Λ
scattering, we obtain a single integral equation for the
scattering amplitude, which is parameterized by the ef-
fective range parameters of the S-wave Λ-d scattering in
the hypertriton channel, namely, the scattering length
aΛd (or equivalently the hypertriton binding momentum
γΛd) and the effective range rΛd. The integral is regu-
larized by introducing a sharp momentum cutoff Λc in
the integral equation. We find that when the cutoff Λc
is larger than ΛH , there is no cutoff dependence in the
results, which implies that the system is insensitive to
the short range mechanism [24]. This then suggests that
introducing a three-body contact interaction at LO is
not necessary. In addition, here we employ the standard
Kaplan-Savage-Wise (KSW) counting rules [25], where
the effective range, rΛd, is treated as a higher order term.
This shows that the scattering length a0 and the phase
shift δ0 of the S-wave hypertriton-Λ scattering are well
controlled by γΛd.
On the other hand, for the spin triplet channel, cou-
pled integral equations are obtained for the scattering
amplitudes. Because of spin statistics these equations
consist of two cluster channels. One is the hypertriton-
Λ channel of spin-1 and the other is the deuteron and
double-Λ system, where we assume that the double-Λ
is described by the ΛΛ-dibaryon state and the compo-
nents in the cluster states are in relative S-wave. We
find that the coupled integral equations show a sensitiv-
ity to the cutoff Λc. Thus, as in the case of three-nucleon
system in the triton channel within pionless EFT [26],
a three-body contact interaction needs to be introduced
in order to make the results cutoff-independent. In ad-
dition, within the standard KSW counting rules [25] the
dressed composite propagators of the hypertriton for the
Λ-d composite state and of the dibaryon for two Λ par-
ticles in 1S0 state are expanded in terms of the effective
range parameters. Thus the coupled integral equations
are represented in terms of only four parameters at LO,
namely, γΛd, aΛΛ, the coupling of the three-body con-
tact interaction g1(Λc), and the cutoff Λc. Unlike the
effective range parameters, however, there are no exper-
imental data to constrain g1(Λc) for
4
ΛΛH.
Because of the paucity of empirical information to con-
strain the low energy constants it is very hard to draw
a robust prediction on the existence of the bound state
in the 4ΛΛH channel. Therefore, instead of tackling the
problem on the existence of bound states we investigate
the effect of the contact term in the 4ΛΛH system. For
this purpose we consider two cases. In the first case, we
do not include the contact interaction by setting g1 = 0.
Then the system is found to have a large negative scatter-
ing length at Λc ≃ ΛH , which may imply the formation
of a quasi-bound state. Furthermore, if Λc is sent to the
asymptotic limit, Λc → ∞, we find that a bound state
arises in the system.
In the second case, we turn on the contact interaction.
To constrain the value of g1(Λc), we employ the results
of the potential model calculations of Refs. [11, 12] and
determine g1(Λc) by using the computed double-Λ sepa-
ration energy BΛΛ of
4
ΛΛH for given values of aΛΛ. Then
we find that the renormalized g1(Λc) exhibits so-called
the limit-cycle when Λc is sent to the asymptotic limit.
In the present work, we also calculate BΛΛ as a function
of aΛΛ for a fixed g1(Λc) and a correlation between BΛΛ
and 1/a1 as well, where a1 is the scattering length of the
S-wave hypertriton-Λ scattering in the spin triplet chan-
nel at LO. We find that the aΛΛ-dependence of BΛΛ is
quite sensitive to the value of Λc. For example, BΛΛ is
found to be almost insensitive to aΛΛ when Λc ≃ ΛH .
On the other hand, the reported aΛΛ-dependence of BΛΛ
in the potential model calculations of Refs. [11, 12] is re-
covered when Λc ≃ 6ΛH . In the present work, we will
investigate the implications of the choice on the cutoff
Λc and the aΛΛ- and Λc-dependence of the properties of
4
ΛΛH system in the cluster theory.
This paper is organized as follows. We start with the
relevant effective Lagrangian in the next section, which
defines notations and our basic tools for studying hyper-
nuclei. In Sec. III, the two-body parts of the ΛΛd system,
i.e., the dressed ΛΛ dibaryon propagator in 1S0 channel
and the dressed hypertriton propagator (as a Λd system),
are constructed. In Sec. IV, the integral equations of
the ΛΛd three-body system for the S-wave hypertriton-Λ
scattering are constructed in the spin singlet and triplet
states. The numerical results are presented in Sec. V and
Section VI contains a summary and conclusions of this
work.
II. EFFECTIVE LAGRANGIAN
In EFT, effective Lagrangian is constructed on the
symmetry requirement with relevant degrees of freedom
3at low energies being expanded in terms of the number of
derivatives order by order [27]. The effective Lagrangian
at LO for this work can be written as
L = LΛ + Ld + Ls + Lt + LΛt. (1)
Here, LΛ and Ld are the standard one-body Λ and (ele-
mentary) deuteron Lagrangian in the heavy-baryon for-
malism [28], which read
LΛ = B†Λ
[
iv · ∂ + (v · ∂)
2 − ∂2
2mΛ
]
BΛ + · · · , (2)
Ld = d†i
[
iv · ∂ + (v · ∂)
2 − ∂2
2md
]
di + · · · , (3)
where BΛ is the Λ-baryon field of spin-1/2, di is the
deuteron (vector) field of spin-1, and vµ is a velocity vec-
tor with vµ = (1,0) in our case. The Λ and deuteron
masses are represented by mΛ and md, respectively. The
dots denote the higher order terms that are irrelevant for
the LO calculations.
Equation (1) also contains the Lagrangian for the com-
posites containing strangeness. For this purpose, we in-
troduce s and t fields to denote the ΛΛ dibaryon in the
1S0 state and the Λd composite in the
2S1/2 state. Then
Ls and Lt are the Lagrangians for these fields including
s↔ ΛΛ and t↔ Λd interactions, which read [29–31]
Ls = σss†
[
iv · ∂ + (v · ∂)
2 − ∂2
4mΛ
+∆s
]
s
− ys
[
s†
(
BTΛP (
1S0)BΛ
)
+ H.c.
]
+ · · · , (4)
Lt = σtt†
[
iv · ∂ + (v · ∂)
2 − ∂2
2(md +mΛ)
+ ∆t
]
t
+
yt√
3
[
t†~σ · ~dBΛ + H.c.
]
+ · · · , (5)
where σs and σt are sign factors, ∆s and ∆t are the
mass differences between the composite states and their
constituents, and ys and yt are coupling constants. The
spin projection operator of the ΛΛ composite onto the
1S0 state is
P (
1S0) = − i
2
σ2, (6)
The three-body contact interaction is given by the La-
grangian LΛt, where t and Λ fields are in the 3S1 channel,
which reads
LΛt = −g1(Λc)
Λ2c
(
BTΛP (
3S1)
i t
)† (
BTΛP (
3S1)
i t
)
+ · · · , (7)
with the spin projection operator onto the 3S1 state,
P
(3S1)
i = −
i
2
σ2σi. (8)
The coupling constant of the three-body contact inter-
action is given by g1(Λc) as a function of the cutoff Λc
which will be introduced in the integral equations below.
III. TWO-BODY PART
A. S-wave ΛΛ scattering in 1S0 channel
At low energies, we assume that the dominant partial
wave of ΛΛ scattering is the 1S0 state and the scattering
process can be described by the effective range parame-
ters. Therefore, this is similar to the low-energy nucleon-
nucleon scattering in the 1S0 channel studied, for exam-
ple, in Ref. [30]. Diagrams for the dressed dibaryon field
and for the scattering amplitude are shown in Figs. 1 and
2, respectively.
Referring the details to Ref. [30], we can obtain the
scattering amplitude in the center-of-mass (CM) frame
as
A(E) =
4π
mΛ
(
− 1
aΛΛ
+
1
2
rΛΛk
2 − ik
)−1
, (9)
where aΛΛ and rΛΛ are the scattering length and effective
range of ΛΛ scattering in the 1S0 channel. The on-shell
total energy is E = k2/mΛ with k = |k|.
Thus the renormalized dressed dibaryon propagator
can be written as
Ds(p0,p) =
4π
mΛy
2
s
[
1
aΛΛ
+
1
2
rΛΛ
(
−mΛp0 +
1
4
p2 − iǫ
)
−
√
−mΛp0 +
1
4
p2 − iǫ
]−1
(10)
and
ys = −
2
mΛ
√
2π
rΛΛ
. (11)
Here, p0 and p are the off-shell (loop) energy and mo-
mentum which do not satisfy the on-shell condition in
the CM frame mentioned above. In addition, we have
suppressed the cutoff dependence in the effective range
parameters from the bubble diagrams. We use the same
cutoff value for renormalizing aΛΛ and rΛΛ in the three-
body part, which will be discussed in Sec. IV.
4= + + + ...
FIG. 1. Diagrams for dressed dibaryon propagator. In the right hand side, the double solid line represents the bare dibaryon
propagator and the single solid line denotes the Λ propagator.
FIG. 2. Diagram for ΛΛ scattering amplitude. A double line
with a filled circle denotes a dressed propagator as explained
in Fig. 1.
B. S-wave Λd system in hypertriton channel
The hypertriton ( 3ΛH) has the quantum numbers of
Jπ = 1/2+ and T = 0, where T stands for isospin, and
its Λ separation energy is BΛ = 0.13 ± 0.05 MeV [23].
We refer the readers to Ref. [32] for a study on this state
within pionless EFT.
Shown in Fig. 3 are the diagrams for the dressed hy-
pertriton (t field) propagator as a Λd composite state.
Then the renormalized dressed hypertriton propagator is
obtained as
Dt(p0,p) =
2π
µΛdy
2
t
{
1
aΛd
+
1
2
rΛd
[
−2µΛd
(
p0 −
1
2(mΛ +md)
p2 + iǫ
)]
−
√
−2µΛd
(
p0 −
1
2(mΛ +md)
p2 + iǫ
)}−1
(12)
with
yt = − 1
µΛd
√
2π
rΛd
, (13)
where µΛd is the reduced mass of the Λd system, i.e.,
µΛd = mΛmd/(mΛ + md), and aΛd and rΛd are the ef-
fective range parameters of the S-wave Λ-d scattering
in the hypertriton channel. In Ref. [32], these effective
range parameters are estimated as aΛd = 16.8
+4.4
−2.4 fm,
and rΛd = 2.3 ± 0.3 fm, which leads to γΛd = 1/aΛd +
rΛdγ
2
Λd/2 ≃ 12.8 MeV when we use the central values
of the parameters. This value is consistent with the one
given in Sec. I within error.
Since there exists a bound state for hypertriton, the
propagator should have a pole at k = iγΛd and we may
rewrite the on-energy-shell dressed propagator as
Dt(E) =
2π
µΛdy
2
t
[
γΛd −
1
2
rΛd
(
k2 + γ2Λd
)
+ ik
]−1
,(14)
where E = k2/(2µΛd). Furthermore, near the pole, the
propagator can be further simplified as
Dt(E) ≃ ZΛd
E +BΛ
with ZΛd =
γΛdrΛd
1− γΛdrΛd
, (15)
where ZΛd is the wave function normalization factor of
the hypertriton as a Λd system. Since the inverse of the
effective range has a large scale, r−1Λd ≃ 86 MeV, one
can see that the KSW counting rules, where the propa-
gator and ZΛd are expanded in terms of rΛd, would be
a good approximation, which can be seen from the fact
that γΛdrΛd ≃ 0.16 < 1/3.
IV. THREE-BODY PART
In this Section, we construct the integral equations for
S-wave scattering of hypertriton and Λ, which has two
spin channels, S = 0 and 1, because both the hypertri-
ton and Λ have spin-1/2. For S = 0 channel, the ampli-
tude t(p, k;E) consists of hypertriton-Λ channel only. In
Fig. 4, diagrams of the integral equation for the scatter-
ing amplitude are shown, which lead to
t(p, k;E) = −3K(a)(p, k;E) +
1
2π2
∫ Λc
0
dℓ ℓ2 3K(a)(p, ℓ;E)Dt
(
E − ℓ
2
2mΛ
, ℓ
)
t(ℓ, k;E) (16)
5= + + + ...
FIG. 3. Diagrams for dressed hypertriton propagator as a Λd system. In the right-hand side, the solid line denotes the Λ
hyperon while the thick solid line represents the deuteron. The bare t field as a Λd composite state in hypertriton channel is
denoted by the double (thin and thick) solid line.
= +
FIG. 4. Diagrams of the integral equation for S-wave scat-
tering of hypertriton and Λ for spin singlet (S = 0) channel.
See the caption of Fig. 3 as well.
with the one-deuteron-exchange interaction K(a)(p, l;E),
K(a)(p, ℓ;E) =
1
3
mdy
2
t
2pℓ
ln
( m
d
2µΛd
(p2 + ℓ2) + pℓ−mdE
m
d
2µΛd
(p2 + ℓ2)− pℓ−mdE
)
,
(17)
where p and k are relative off-shell and on-shell momenta
of hypertriton-Λ scattering in the CM frame, respec-
tively, and E is the total energy,
E = − γ
2
Λd
2µΛd
+
1
2µΛ(Λd)
k2, (18)
with µΛ(Λd) being the reduced mass of the Λ-(Λd) sys-
tem so that µΛ(Λd) = mΛ(mΛ + md)/(2mΛ + md). A
sharp cutoff momentum Λc was introduced as before in
the integral equation. However, as we shall see below, the
integral equation is insensitive to the value of Λc, which
weakens the necessity of three-body contact interactions.
For S = 1 channel, however, we have two scattering
amplitudes, namely, a(p, k;E) for the spin triplet Λt (Λ
and hypertriton) cluster channel and b(p, k;E) that con-
nects the Λt cluster channel to the ds (deuteron and the
ΛΛ dibaryon) cluster channel. In Fig. 5, diagrams of
coupled integral equations are presented, from which we
obtain
a(p, k;E) = K(a)(p, k;E)−
g1(Λc)
Λ2c
− 1
2π2
∫ Λc
0
dℓ ℓ2
[
K(a)(p, ℓ;E)−
g1(Λc)
Λ2c
]
Dt
(
E − ℓ22mΛ , ℓ
)
a(ℓ, k;E)
− 1
2π2
∫ Λc
0
dℓ ℓ2K(b1)(p, ℓ;E)Ds
(
E − ℓ22md , ℓ
)
b(ℓ, k;E),
b(p, k;E) = K(b2)(p, k;E)−
1
2π2
∫ Λc
0
dℓ ℓ2K(b2)(p, ℓ;E)Dt
(
E − ℓ22mΛ , ℓ
)
a(ℓ, k;E), (19)
with one-Λ-exchange interactions K(b1)(p, ℓ;E) and K(b2)(p, ℓ;E), which read
K(b1)(p, ℓ;E) = −
√
2
3
mΛysyt
2pℓ
ln
[
p2 +
mΛ
2µ
dΛ
ℓ2 + pℓ−mΛE
p2 +
mΛ
2µ
dΛ
ℓ2 − pℓ−mΛE
]
, (20)
K(b2)(p, ℓ;E) = −
√
2
3
mΛysyt
2pℓ
ln
[ mΛ
2µ
dΛ
p2 + ℓ2 + pℓ−mΛE
mΛ
2µ
dΛ
p2 + ℓ2 − pℓ−mΛE
]
. (21)
In Eq. (19), we have introduced the three-body contact
interaction that contains the coupling constant g1(Λc).
2
2 The coupling constant g
1
(Λc) is a dimensionless quantity.
As we shall see below, the integral equations depend on
the cutoff Λc and g1(Λc) accounts for the high momentum
effects above Λc.
6= + + + +
= +
FIG. 5. Diagrams of coupled integral equations for S-wave scattering of hypertriton and Λ for spin triplet (S = 1) channel.
See the captions of Figs. 1 and 3 as well.
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FIG. 6. Phase shift δ0 (in degrees) of the S-wave hypertriton-
Λ scattering in the spin singlet channel as a function of mo-
mentum k (in MeV).
V. NUMERICAL RESULTS
A. S-wave scattering of hypertriton and Λ in S = 0
channel
In the dressed hypertriton propagator Dt given in
Eq. (12), there are two singularities at ℓ ≃ 13 MeV and
ℓ ≃ 172 MeV when E = 0 in Eq. (19). The first one cor-
responds to the binding momentum of the hypertriton
in the Λ-d system and the second one to an unphysi-
cal deeply-bound state. We avoid the effect from the
unphysical deeply bound state by expanding the effec-
tive range correction, as mentioned above, employing the
KSW counting rules.
The on-shell scattering matrix is given by
T (k, k) =
√
ZΛd t(k, k;E)
√
ZΛd , (22)
and thus the integral equation in terms of the half-off-
shell scattering matrix at LO reads
T (p, k) = −3 γΛdrΛdK(a)(p, k;E)
− 3
2π2
µΛ(Λd)rΛd
∫ Λc
0
dℓK(a)(p, ℓ;E)

γΛd +
√
γ2Λd +
µΛd
µΛ(Λd)
(ℓ2 − k2)

 ℓ
2 T (ℓ, k)
ℓ2 − k2 − iǫ . (23)
This shows that the integral equation is expressed in
terms of two parameters, namely, γΛd and Λc, in addi-
tion to the deuteron and Λ masses. As mentioned before,
this integral equation is insensitive to the value of Λc and
thus the scattering in the S = 0 channel is well controlled
by one effective range parameter, γΛd.
The scattering length a0 of the S-wave hypertriton-
Λ scattering in the S = 0 channel is then computed by
taking the limit for the on-shell momentum k→ 0, which
leads to T (0, 0) = − 2πµ
Λ(Λd)
a0. Here, we introduce the
half-off-shell scattering length a(p, 0) as
a(p, 0) = −
µΛ(Λd)
2π
T (p, 0), (24)
so that it reduces to the scattering length as a0 = a(0, 0).
We numerically calculate the off-diagonal part of the
scattering length a0(p, 0) with Λc ∼ 170 MeV to find that
the off-diagonal part of the scattering length becomes in-
deed very small when the off-shell momentum p is larger
than the large scale ΛH ∼ γ ≃ 45.7 MeV. We also cal-
culate the scattering length a0(0, 0) as a function of the
cutoff Λc to find that a(0, 0) is nearly independent of the
cutoff if it is relatively small such as Λc ≃ 20 MeV. There-
fore, the S-wave hypertriton-Λ scattering in spin singlet
channel would be well described by considering the cutoff
region of Λc ≃ ΛH . From this procedure we obtain
a0 = 16.0± 3.0 fm, (25)
7which is our prediction on the scattering length, where
the error was estimated from the uncertainties in γΛd.
3
In Fig. 6, the calculated phase shift δ0 of the S-wave
hypertriton-Λ scattering in the spin singlet channel is
presented as a function of k. The form of the calculated
phase shift δ0 determines the two effective range param-
eters as a0 ≃ 16.0 fm and r0 ≃ 2 fm. In addition, we find
no limit-cycle in the numerical calculation of the integral
equation within the range up to Λc ∼ 108 MeV.
B. 4ΛΛH bound state and S-wave scattering of hypertriton-Λ in S = 1 channel
For the spin triplet channel, the coupled integral equations can be rewritten in terms of the half-off-shell scattering
amplitudes a1(p, k) and b1(p, k) which are defined by
a1(p, k) = −
ZΛd
2π
µΛ(Λd)
[
K(a)(p, k;E)−
g1(Λc)
Λ2c
]
− 1
2π2
∫ Λc
0
dℓ ℓ2
[
K(a)(p, ℓ;E)−
g1(Λc)
Λ2c
]
Dt
(
E − ℓ22mΛ , ℓ
)
a1(ℓ, k)
− 1
2π2
∫ Λc
0
dℓ ℓ2K(b1)(p, ℓ;E)Ds
(
E − ℓ22m
d
, ℓ
)
b1(ℓ, k), (26)
b1(p, k) = −ZΛd
2π
µΛ(Λd)K(b2)(p, k;E)−
1
2π2
∫ Λc
0
dℓ ℓ2K(b2)(p, ℓ;E)Dt
(
E − ℓ22mΛ , ℓ
)
a1(ℓ, k), (27)
with the normalizations
a1(k, k) =
√
ZΛd a(k, k)
√
ZΛd ,
b1(k, k) =
√
ZΛd b(k, k)
√
ZΛd . (28)
The scattering length a1 is then defined as
a1 = −
µΛ(Λd)
2π
a1(0, 0). (29)
Because the effect from the unphysical singularities in
the dressed dibaryon and hypertriton propagators (Ds
and Dt) to the scattering length a1 is significant, we em-
ploy the KSW counting rules and expand the propaga-
tors and the wave function normalization factor ZΛd in
terms of the effective ranges rΛd and rΛΛ, as discussed in
Sec. I. Therefore, at LO, the propagators Dt and Ds and
the wave function normalization factor ZΛd are written
as
DLOt
(
E − ℓ22mΛ , ℓ
)
= −
2π µΛ(Λd)
µ2Λdy
2
t

γΛd +
√
γ2Λd +
µΛd
µΛ(Λd)
(ℓ2 − k2)

 1
ℓ2 − k2 − iǫ , (30)
DLOs
(
E − ℓ22m
d
, ℓ
)
=
4π
mΛy
2
s

 1
aΛΛ
−
√√√√ mΛ
2µΛd
γ2Λd −
mΛ
2
(
ℓ2
µd(ΛΛ)
− k
2
µΛ(Λd)
)

−1
, (31)
ZLOΛd = γΛd rΛd , (32)
where µd(ΛΛ) is the reduced mass of the d-(ΛΛ) system, µd(ΛΛ) = 2mΛmd/(2mΛ +md).
In addition to the masses, therefore, we have four pa-
rameters, namely, γΛd, aΛΛ, g1(Λc), and Λc.
4 In the
3 Alternatively, one may include the effective range r
Λd
in the
dressed propagator, as in Refs. [33, 34] for the studies on the S-
wave neutron-deuteron scattering in spin quartet channel within
pionless EFT. If we take this procedure, we would obtain a
0
=
17.3± 2.9 fm.
4 In principle, the integral equation depends on the effective
present work, we fix γΛd by the hypertriton binding en-
ergy. The parameter aΛΛ may be determined from other
available empirical information. However, there exists no
available information from the three-body system to con-
ranges r
Λd
and r
ΛΛ
through the coupling constants yt,s and the
normalization factor ZLO
Λd
. But this dependence is canceled or
included in the normalization of the amplitude b1, and, therefore,
they do not appear in the final expressions.
8-40
-35
-30
-25
-20
-15
-10
-5
 0
100 101 102 103 104 105 106
a
1 
(fm
)
Λc (MeV)
aΛΛ = -0.5 (fm)
=-1.0 (fm)
=-1.5 (fm)
=-2.0 (fm)
FIG. 7. (Color online) Scattering length a1 of S-wave
hypertriton-Λ scattering in the S = 1 channel at leading order
as a function of Λc for aΛΛ = −0.5,−1.0,−1.5,−2.0 fm.
strain the value of g1(Λc). In the present work, therefore,
instead of studying the energy levels of the 4ΛΛH hyper-
nucleus, we examine the effect of the coupling g1(Λc) in
this system.
1. Scattering length a1 without three-body contact
interaction
We first consider the case when g1(Λc) = 0 and cal-
culate the two-Λ separation energy BΛΛ in the
4
ΛΛH
bound state and the scattering length a1 of the S-wave
hypertriton-Λ scattering for the spin triplet channel at
LO. In this case we find that there is no bound state
formed with the cutoff value in the range of Λc = 50 ∼
300 MeV.
In Fig. 7, we present our results for the LO scattering
length a1 with several values of aΛΛ, namely, aΛΛ = −0.5,
−1.0, −1.5, −2.0 fm, as a function of the momentum cut-
off Λc. This shows that the calculated a1 curves show a
significant dependence on Λc as well as on aΛΛ. The
aΛΛ-dependence of a1 becomes more significant when Λc
is larger than ΛH as shown in Fig. 7. When the cutoff pa-
rameter Λc is down close to the large scale of the theory,
i.e., Λc ≃ ΛH ∼ 45.7 MeV, such a dependence becomes
mild. We then obtain negative values for the scatter-
ing length, namely, a1 ≃ −21.7, −22.7, −23.8, −24.8 fm
for aΛΛ = −0.5, −1.0, −1.5, −2.0 fm, respectively, with
Λc = 45.7 MeV. Since a1 is negative and its magnitude is
large, it may imply a formation of a quasi-bound state.
As Λc increases, a1 decreases until it shows a pole-
structure at around Λc ∼ 80, 33, 17, 10 GeV depending
on the value of aΛΛ. After passing the pole, a1 changes
the sign as shown in Fig. 7. This corresponds to a forma-
tion of a bound state with zero binding energy at such a
huge cutoff. In other words, the one-deuteron-exchange
interaction has a sensitivity to Λc and it becomes attrac-
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FIG. 8. (Color online) Coupling g1(Λc) of three-body contact
interaction as a function of the cutoff Λc which produces a
bound state of 4ΛΛH with three different sets of BΛΛ and aΛΛ.
See the text for the parameter sets (I), (II), and (III).
tive enough to make a bound state at the asymptotic
limit of the cutoff.
To make the result cutoff-independent, however, one
needs to promote the three-body contact interaction at
LO so that the cutoff dependence is controlled by the
additional coupling constant [26]. We work on in this
scheme below.
2. 4ΛΛH bound state with three-body contact interaction
We now consider the case with g1(Λc) 6= 0 to inves-
tigate its role in the 4ΛΛH hypernucleus. Since there is
no experimental information to constrain the value of
g1(Λc), we adopt the values of this coupling constant de-
termined as follows. We first assume a formation of the
4
ΛΛH bound state due to the three-body-contact inter-
action and fit g1(Λc) to reproduce the potential model
results of Refs. [11, 12]. To be specific, we choose the
following three sets for BΛΛ and aΛΛ:
(I) BΛΛ ≃ 0.2 MeV and aΛΛ = −0.5 fm,
(II) BΛΛ ≃ 0.6 MeV and aΛΛ = −1.5 fm,
(III) BΛΛ ≃ 1.0 MeV and aΛΛ = −2.5 fm. (33)
In Fig. 8, we show the calculated strength of the three-
body contact interaction g1(Λc) as a function of Λc,
which can reproduce the three parameter sets of Eq. (33).
One can see that the curves of g1(Λc) are rather mildly
varying at Λc = 10 ∼ 104 MeV, and each curve has a
singularity at Λc ∼ 105 MeV indicating the possibility of
the first cycle of the limit-cycle. This implies that the
one-deuteron-exchange interaction for the S = 1 channel
contains an attractive (singular) interaction at very high
momentum, say, Λc ∼ 105 MeV. This property has also
been observed in the calculation of a1 as shown in Fig. 7.
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FIG. 9. (Color online) Calculated two-Λ separation energy
BΛΛ from
4
ΛΛH bound state as a function of the scattering
length aΛΛ of the S-wave ΛΛ scattering for the
1S0 channel
with the cutoff values Λc = 50, 150, 300 MeV. The value of
g1(Λc) of all three curves is fitted at the point (I): BΛΛ =
0.2 MeV and aΛΛ = −0.5 fm, marked by a filled square. The
points (II) and (III) are also included as blank squares in the
figure.
At such a very high momentum, however, the applicabil-
ity of the present theory, a very low energy EFT, cannot
be guaranteed and thus the mechanisms of the formation
of a bound state must have different origins. We note,
on the other hand, that, if we choose g1(Λc) ≃ −2 or
smaller at Λc ∼ 50 MeV in the coupled integral equa-
tions, a bound state can be created. Such a value of
g1(Λc) is in a natural size and may be generated from the
mechanisms of high energy such as σ-meson exchange or
two-pion exchange near the intermediate range of nuclear
force, i.e., Λc = 300 ∼ 600 MeV.
In order to study the correlation between BΛΛ and
aΛΛ, we calculate BΛΛ as a function of aΛΛ and show the
results in Fig. 9 for various cutoff values, i.e., Λc = 50,
150, 300 MeV. Here, the coupling g1(Λc) is fixed by using
the parameter set (I), i.e., BΛΛ = 0.2 MeV and aΛΛ =
−0.5 fm, which is marked by a filled square in Fig. 9.
This is achieved with g1(Λc) ≃ −2.48, −2.83, −2.96 for
Λc = 50, 150, 300 MeV, respectively. Once the starting
values are fixed, we vary the value of aΛΛ for a fixed
value of Λc, which changes the values of BΛΛ. We then
find that the behaviors of the BΛΛ curves as functions of
aΛΛ are quite sensitive to the values of the cutoff Λc. For
example, when we choose Λc ≃ ΛH , i.e., Λc = 50 MeV,
BΛΛ is insensitive to the value of aΛΛ and makes a nearly
flat curve as shown by the dotted line in Fig. 9. However,
with a larger cutoff value, Λc = 300 MeV, BΛΛ strongly
depends on aΛΛ and we can fairly well reproduce the aΛΛ-
dependence of BΛΛ obtained by Filikhin and Gal [11] or
Nemura et al. [12].
This may imply that the main part of the correlation
between BΛΛ and aΛΛ in potential model calculations
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FIG. 10. (Color online) Correlations between BΛΛ and 1/a1
with aΛΛ = −2.0, −1.5, −1.0, −0.5 fm. The coupling g1(Λc)
is fixed by BΛΛ = 0.2 MeV and Λc = 50 MeV, marked by open
squares in the upper-right corner, for each value of aΛΛ. The
curves are obtained by varying Λc from 50 MeV to 300 MeV.
is related to the high momentum part and, when we
choose the cutoff Λc ≃ ΛH , the mechanisms with high
momentum are integrated out and their effects are ab-
sorbed by the renormalized three-body contact interac-
tion g1(Λc). Thus we do not have the dynamics that is
sensitive to the high momentum regime and this leads to
the cutoff-insensitive results. Therefore, when we choose
Λc ≃ ΛH = 50 MeV in our cluster EFT, the theory
does not to adequately probe the Λ-Λ interactions, but,
when we choose Λc = 300 MeV, we can fairly well repro-
duce the results obtained in the potential model calcu-
lations. However, in the latter case, the theory becomes
inconsistent because of neglecting other mechanisms rele-
vant in the high momentum region, such as the channels
of deuteron break-up into two nucleons and of meson-
exchanges among baryons.
In Fig. 10, we present our results on the correlation be-
tween BΛΛ and 1/a1 with four values of aΛΛ where g1(Λc)
is fixed by using the condition that BΛΛ = 0.2 MeV
at Λc = 50 MeV. Thus with Λc = 50 MeV, we have
g1 = −2.48, −2.45, −2.43, −2.40 for aΛΛ = −0.5, −1.0,
−1.5, −2.0 fm, respectively. Then the curves are ob-
tained by varying Λc from 50 MeV to 300 MeV with
the fixed values of g1 determined at Λc = 50 MeV. We
find that, at Λc = 50 MeV, which gives the starting
points of the curves at the top right corner (marked by
open squares), the calculated scattering length a1 at LO
turned out to be positive due to the existence of 4ΛΛH
bound state and the positions of these points are not
sensitive to the value of aΛΛ, as was seen in Fig. 9 for the
case ofBΛΛ with Λc = 50MeV. Thus we have a1 ∼ 5.7 fm
corresponding to BΛΛ ≃ 0.2 MeV. By increasing the cut-
off values, we obtain the lower values of BΛΛ. When
aΛΛ = −0.5 fm, the 4ΛΛH bound state eventually becomes
unbound, and when aΛΛ = −2.0 fm, BΛΛ has a minimum
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and then starts to increase with increasing cutoff. We
also find that the correlations do not show the sensitivity
to aΛΛ.
VI. SUMMARY AND DISCUSSION
In the present work, we studied the 4ΛΛH bound state
and S-wave hypertriton-Λ scattering for spin singlet and
triplet channels below the hypertriton breakup momen-
tum in Halo EFT at LO by treating the 4ΛΛH system as
a three-body ΛΛd cluster system. In this approach, the
hypertriton breakup momentum γΛd ≃ 13.4 MeV is cho-
sen to be the typical scale Q of the theory, whereas the
deuteron binding momentum γ ≃ 45.7 MeV to be the
high momentum scale ΛH . Thus, in such a small typi-
cal momentum scale, the deuteron is not broken into two
nucleons, which justifies the treatment of the deuteron
field as a cluster (elementary) field. Furthermore, our
expansion parameter is Q/ΛH ∼ γΛd/γ ∼ 1/3.
For the spin singlet channel of the S-wave hypertriton-
Λ scattering, the amplitude is nearly independent of the
cutoff, thus there is no need to introduce the three-body
contact interaction at LO. Consequently, the integral
equation at LO is well described by one effective range
parameter, γΛd. This leads to the value of the scattering
length a0 of the S-wave hypertriton-Λ scattering for the
spin singlet channel as a0 = 16.0±3.0 fm. We also found
no bound state in this channel at LO.
For the spin triplet channel of the S-wave scattering
of hypertriton and Λ, the scattering amplitudes are ob-
tained through two coupled integral equations. We find
that when the cutoff parameter Λc is close to the asymp-
totic limit, the coupling of the three-body contact inter-
action, i.e., g1(Λc), exhibits the limit-cycle, and thus the
three-body contact interaction should be included in the
spin triplet channel. Consequently the coupled integral
equations are represented by four parameters, γΛd, aΛΛ,
g1(Λc), and Λc. The value of γΛd can be fixed from the Λ
separation energy of the hypertriton and that of aΛΛ may
be fixed from other experiments or possibly lattice QCD
simulations. However, there is no available experimental
data to constrain the value of g1(Λc).
When we do not introduce g1(Λc) in the theory, we
obtain a1 ≃ −25 ∼ −22 fm with Λc ≃ ΛH . This may
imply that the hypertriton-Λ interaction is attractive but
it is not strong enough to form a bound state. Thus, if the
4
ΛΛH bound state is formed, the main binding mechanism
should stem from the mechanisms of high momentum
region, which is represented by the coupling g1(Λc) in the
present approach. Therefore, to take into account this
effect, we assume a formation of the 4ΛΛH bound state and
employ the results of the potential model calculations for
the two-Λ separation energyBΛΛ for several values of aΛΛ
to constrain the value of g1(Λc). Using the fixed g1(Λc)
we then calculate BΛΛ as a function of aΛΛ. We also
calculate the correlations between BΛΛ and 1/a1, where
a1 is the scattering length of the S-wave hypertriton-Λ
scattering for spin triplet channel.
As can be notably seen in the numerical results for
the correlation between BΛΛ and aΛΛ as given in Fig. 9,
when the cutoff is chosen to be the large scale of the
theory, i.e., Λc ≃ ΛH , BΛΛ is insensitive to the value of
aΛΛ. But, when Λc is larger than ΛH , say Λc ≃ 6ΛH ,
BΛΛ is sensitive to aΛΛ, which gives results similar to
the potential model predictions. This would be a natural
consequence because a−1ΛΛ is a quantity of a large scale,
|a−1ΛΛ| ≃ 100 ∼ 400 MeV, compared to the typical scale
of the system, Q ∼ γΛd ≃ 13.4 MeV. In addition, the
dynamics that exhibits the sensitivity to the Λ-Λ inter-
action above Λc ≃ ΛH is integrated out and its effect in
high momentum is embedded in the contact interaction
g1(Λc). Meanwhile, although the deuteron cluster theory
with a large cutoff value such as Λc ≃ 6ΛH can repro-
duce the aΛΛ-dependence of BΛΛ similar to the potential
model predictions, this would be inconsistent with the
construction principles of EFT and it will miss the impor-
tant dynamic mechanisms as discussed before. Therefore,
the aΛΛ-sensitivities in the physical observables for the
4
ΛΛH hypernucleus, such asBΛΛ, inevitably depend on the
scale of the theory. Investigating the aΛΛ-sensitivity in
more detail at another scale in the 4ΛΛH system requires
to work with a non-cluster theory such as the pionless
theory for four-body systems [35].
Experimentally, we still do not have enough informa-
tion to judge whether the 4ΛΛH system is bound or not.
This causes the difficulty for studying the energy levels
of the 4ΛΛH hypernucleus within EFT since the value of
the contact interaction g1(Λc) cannot be constrained by
other information. Therefore, it would be interesting to
apply this approach to other double-Λ hypernuclei, where
some empirical data are available such as the 6ΛΛHe sys-
tem. The 6ΛΛHe hypernucleus as a ΛΛα three-body clus-
ter system can be investigated in the scheme of EFT. Be-
cause the binding energy, or equivalently the two-Λ sep-
aration energy, of 6ΛΛHe is experimentally known, it can
be used to determine the strength of the three-body con-
tact interaction in the ΛΛα system. Moreover, because
the α particle is more tightly bound than the deuteron,
the high momentum scale of the cluster theory becomes
larger than ΛH of the present work. Therefore, the study
of 6ΛΛHe in Halo/Cluster EFT can provide another tool
to study aΛΛ in the exotic systems and shed light on our
understanding of strong interactions in the strangeness
sector. Work in this direction is under progress and will
be reported elsewhere.
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